Introduction
In In this article we generalize S. Momm's results to the larger class of bounded linearly convex domains flcC" (see Section 2 for definitions) and use pluricomplex Green functions with a single pole w ^ Ω to exhaust the domains. We also consider bounded linearly convex domains having pluricomplex Green functions with finite singularities. Here one should recall that linear convexity is a notion of convexity which is intermediate between classical convexity and pseudoconvexity https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0027763000005195 Downloaded from https://www.cambridge.org/core. IP address: 54.70.40.11, on 13 Oct 2019 at 20:42:40, subject to the Cambridge Core terms of use, available at EXTREMAL PLURISUBHARMONIC FUNCTIONS 67 for bounded domains in C n . These domains are defined using the linear structure of C and as such are not holomorphically invariant. Nevertheless, they have certain remarkable analytic and geometric properties (see [Lem. 2, 4, 5, 6, 7] ). Their complements can be represented as the union of complex hyperplanes. 
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This supporting function will be shown later to be a plurisubharmonic function for all (ζ, x) e Cf x C. Here we take ζ -(ζ 0 , ζθ e C 1+w with ζ o eC\ {0} and ζ r G C w . Next we generalize to the case of finite singularities. Let W -{Wj Wj Ω ), 1 <y < m < °° be a finite set of singularities with weights the numbers v -= {v(Wj) '= Vj > 0}, 1 </< m < oo . We define a pluricomplex multipole Green function g Ω (z, W, v) by (1.9) g Ω (z, W,v):= sup u(z), z <Ξ Ω, u where the supremum is taken over all u G PSH(i2), u < 0 -on Ω with wU) < Σ ; m =i »j log II ^ ~ Wj II + 0(1), as^ w r The sublevel sets of g Ω (z, W, v) are given by Ω x -= {z ^ Ω g Ω (z, W, ι>) < x}, x < 0. It is clear that for all x < 0, Ω x c β and £? 0 = ,0 for x = 0. However, for very small values of x < 0, the members of the family {Ω x } χ<0 may be disconnected. But since we are only interested in those sublevel sets for which x is near 0 rather than near -°° we can overcome this difficulty by considering (1.10) -oo < inf(χ < 0 Ω x is connected) Φ 0.
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We call this infimum x*. For the purpose of this study, we restrict our attention to the sublevel sets Ω x -= {z e Ω g Ω (z, W, v) < x) , for which the values of x satisfy x* < x < 0, such that iΩ x } x <x<0 is a family of connected sets. For this family of sets we define the supporting functions as in ( 1.8) The organization of the paper is as follows. Section 2 gives a quick survey of the necessary preliminary material on linear convexity often without proofs. Section 3 is devoted to consideration of pluricomplex Green functions having several singularities with Lelong numbers as weights. Section 4 gives background material on complex Monge-Ampere operators and their relationship to pluricomplex Green functions. Section 5 introduces the Siciak and Lempert extremal functions and discusses their properties. Sections 6 and 7 are the core of the paper devoted to constructions leading to the proofs of our main results.
Linear convexity
In this section we give a brief resume of some of the important properties of linearly convex sets which are a subclass of pseudoconvex sets, first introduced in pseudoconvexity and yet weaker than the traditional concept of convexity. Since the concept of linear convexity is more natural in projective spaces than in Cf, we begin by reviewing some properties of the complex projective space P W (C) of complex dimension n and its dual space P W (C) . We shall first consider a general situation. Let V be a vector space of finite dimension over C and let P(V) denote the projective space of V, defined as the set of all equivalence classes By duality there is a one to one correspondence between the points of P(V ) and the projective planes in P(V). For every £ c P(V) we define the dual complement £* c P(y*) of^by (2.1) £* := {[ζ] e P(7*) <^, ζ> Φ 0, for all z e £}, in other words, £ is the set of all hyperplanes in P(V) which do not intersect E. [η*] as the origin. Next we set P W (C) : = P(C" +1 ) and its dual P*(C): = P(C W+1 *). We identify C* with an open set in P n (C) := P(C* Θ C) by mapping z eC to the class [(z,l) ]. If Ω is an open set in P W (C), we define Ω the compact dual complement set in P w (C) as the set of all points, which viewed as hyperplanes in P M (C), do not intersect Ω. When 0 €= Ω then every hyperplane X with #Πfl= 0 has a representation of the form X := {z e C* <*, ζ> -1 = 0} so that we can identify β* with {ζ e CΓ* Cz, ζ> =£ 1, V z e β}. It can be seen as demonstrated in [Ki.3] , that the concept of dual complement defined in P Λ (C) can be realized from a similar notion for certain subsets of C n \ {0} or of subsets of C n by simply adding the hyperplane at infinity and considering Cf as an open subset of P W (C) . In the former case, let Ω be a subset of C n \ {0). We say that Ω is a homogeneous subset of C +n \ {0} if λz ^ Ω whenever z ^ Ω and λ ^ C\ {0}. To any homogeneous subset Ω of C +n \ {0}, we define its dual complement Ω to be the set of all hyperplanes X passing through the origin which correspond to subsets of the projective ^-space P W (C) and so we can transfer the concepts of dual complement and linear convexity to P W (C) . In the open set where z Q Φ 0 we can use z' as the coordinates in P W (C) . Let Ω c C be a bounded domain with C boundary dΩ and assume that Ω is given as Ω '--{z ^ C p(z) < 0) where p is a C function defined in a neighbourhood Ω' of Ω p(z) = 0 and dp = [j£-,..., -^-j 
holds for any nonzero vector w = (wj) in the holomorphic tangent space
Tf(dΩ) to dΩ at z.
In particular, strictly convex domains are strictly linearly convex, and any strictly linearly convex domain is strictly pseudoconvex.
The following theorems are C versions of L. Lempert's C theorems in [Lem. 7] . 
(i) //z G Ω and Ω c Ω', then g Ω (z, w) > g Ω Xz> w).
(
w) is a negative plurisubharmonic function with
a logarithmic pole at w e Ω. 
Then the extremal function
where the supremum is taken over all plurisubharmonic functions u(z), u < 0 in
with the points Wj satisfying of a bounded linearly convex domain Ω <= Cf given by
PROPOSITION 3.6. Let fl^C be a bounded linearly convex C set and let Ω x be defined as in (3.11). Then Ω x is bounded linearly convex C set for each x < 0.
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Proof. The proof is given in Section 4.
• For the general case of the pluricomplex multipole Green function g Ω (-, W, v) we have the sublevel sets (3.12)
each containing the origin 0 G Ω in its interior. Let flbe a bounded strictly linearly convex domain with C boundary dΩ,
.
Suppose p is a strictly plurisubharmonic function of class C in a neighbourhood 
Then as before φ ^ C™(Ω\ WYvY) if and only if φ is a test function in C™(Ω), which is constant in the neighbourhood of W[v] c β. THEOREM 4.13. The space C™(Ω, W, v) is dense in C°C(Ω).
Proof The proof follows from a modification of the arguments for the case of 
Then (dd c u) n (W[v]) < (dd c v) H (W[v\).
Proof. Take a sufficiently small neighbourhood V of W [v] such that F c: cz Ω and assume that u, υ extend continuously to dΩ so that u < υ < 0 m Ω\ WVv\.
Choose ε > 0 such that ( sense on C n \E when E is a compact set. Thus for non pluripolar sets E,
ii) The map Ψ p : B h -> Ω p is a C diffeomorphism which is holomorphic on the fibres o/B Λ -» P W (C) and maps the fibres to the leaves M of the Lempert foliation $F. (iii) γ p extends to a C function on Ω
is a positive Borel measure supported on E.
The class ί£ is closely related to the study of polynomials in ^-complex variables. For a compact set K c C , we have The complex Gauss map T gΩ {., w) of the pluricomplex Green function g Ω ( , w) extends the complex Gauss mapping of dΩ to dΩ . This mapping gives a non holomorphic diffeomorphism between Ω\ iw) and P n (C) \ {#C W Uβ}, such that
is called the Lempert extremal function of Ω . To be precise, we define £ w to be the set of all psh functions win a neighbourhood Ψ of (z = w) such that u(z) = log || z -w || + 0(1), and (dcfuY = 0 on {z Φ w). Further we require that for some small δ > 0 the set \u < --^-| is linearly convex. We also consider £" the family of psh functions outside a compact set such that U(z) = log || z \\ + 0(1), and (dd°U) n -0 with \U < -*\ for small δ > 0, linearly convex. Then Lempert's result above can be interpreted as saying that the complex Gauss map establishes a correspondence between ί£ w and %!".
We generalize this to the case of finite singularities. Let W = {Wj ε fl, 1 < j < m < °°} be a finite set of singularities with weights the numbers v - (-, W, v) Analogous to the earlier situation, we let £ w [v] We now let Λf = P W (C) and the hyperplane at infinity chosen so that C n = P W (C) \P W _! (C) . We wish to consider the case of functions with logarithmic decrease at isolated singularities.
Let flcC be a bounded linearly convex domain containing a point w Φ 0, and let Ω w be Ω with the point w blown up. Let P^ίC) be the fibre over w. Consider For such functions, following [Ki.3] , we define the dual function/:
Here ζ 2: = ζ o z o + + ζ n z n is the inner product, and we define log 0 = -00 so that /(ζ) = + 00 if there is a z such that ζ z = 0 and /(z) < + 00. The dif-ference -log | ζ z\ -f(z) is well-defined if f(z) < + °°. It is clear that/ is also homogeneous.
Given / defined in C +n \ {0} we can define a function F in C* by setting
The transform (6.2) then takes the form
In particular, if F is a function of || z' || -r, then the transform becomes
The radial function F(r) = -g-logd -r 2 ) is self-dual, i.e. Since the ball is bounded, Oeβ, then there exists R lt R 2 e R + with 0 < i? L < i? 2 < + 00 suc h that
Here we adopt the convention that -log s = + °°, if 5 < 0. To prove the plurisubharmonicity of w(ζ, x) for all (ζ, x) with Rex < 0, we first, use Theorem 3.8, to represent w(ζ, x) as follows,
with (ζ, x) G C n x C and Re x < 0, where the supremum is taken over all holo- 
The partial Fenchel (Legendre) transform of u(-, x) with respect to x is given by (6.14) w(ζ, α) = sup(αx -w(ζ, x)),
where α e ]0, + oo] and ζ e C w .
We know from Kiselman's minimum principle for psh functions [Ki.l] , that 
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Since the boundary dΩ is C 1 it follows from Theorem 2.12 that the boundary dΩ is also C and hence the points z 0 and ζ 0 correspond uniquely. Remark 7.5. Notice that as in Momm's paper on bounded convex domains, we get a relation between the derivative ® β and the function a hβ in the set where the Siciak extremal function agrees with the supporting function of the bounded linearly convex domain Ω. However, there is one thing which makes the linearly convex case less agreeable: in Momm's case it is enough to consider a = 1, the other sets are simply homothetic images of this special case. This is because
aφiQ < H Ω (0 * ψ(0 < H Ω (£) ^ φ(aQ < H Ω (ζ)> and ζ ~ φ(aQ e ί£ φ
GΪ. Hence we use the simple fact that H Ω is positively homogeneous. But h Ω does not admit such a simple trick. As a result we are forced to consider V a for each a separately.
In any case, we have that (7.1) and (7.2) where ζ 0 is the point on dΩ that corresponds to z 0 e dΩ assuming that dΩ is C smooth. Perhaps, it would be preferable to consider and a h (ζ) = inf (a; W a (ζ) = h Ω (ζ)/ά).
COO
In this case h Ω /a \ c Ω * as a \ 0.
In conclusion, we note that there is a clear analogy between the linearly convex case and Momm's results for bounded convex domains, but it is as yet not satisfactory, because it seems difficult to study the function a hQ to get information about 2) Ω , which was Momm's objective. 
